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SURFACES OF REVOLUTION WITH PRESCRIBED MEAN AND
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Abstract. In this work, we investigate the problem of finding surfaces in the Lorentz-
Minkowski 3-space with prescribed skew (S) and mean (H) curvatures, which are defined
through the discriminant of the characteristic polynomial of the shape operator and
its trace, respectively. After showing that H and S can be interpreted in terms of the
expected value and standard deviation of the normal curvature seen as a random variable,
we address the problem of prescribed curvatures for surfaces of revolution. For surfaces
with a non-lightlike axis and prescribed H, the strategy consists in rewriting the equation
for H, which is initially a nonlinear second order Ordinary Differential Equation (ODE),
as a linear first order ODE with coefficients in a certain ring of hypercomplex numbers
along the generating curves: complex numbers for curves on a spacelike plane and Lorentz
numbers for curves on a timelike plane. We also solve the problem for revolution surfaces
with a lightlike axis by using a certain ODE with real coefficients. On the other hand, for
the skew curvature problem, we rewrite the equation for S, which is initially a nonlinear
second order ODE, as a linear first order ODE with real coefficients. In all the problems,
we are able to find the parameterization for the generating curves in terms of certain
integrals of H and S.
Introduction
The problem of finding surfaces with prescribed mean (H) or Gaussian (K) curvatures
is very important in Differential Geometry. In general, one is led to the study of a
non-linear PDE: a nonlinear elliptic PDE of Hessian type for K [17, 28], also known
as Monge-Ampe`re equation, and a nonlinear elliptic PDE of divergent type for H [16].
However, for surfaces invariant by a 1-parameter subgroup of isometries [14] this problem
is easier and reduces to that of solving a certain non-linear second order ODE [1, 14, 22].
Similar results are also found for surfaces in Lorentz-Minkowski geometry [2, 18, 19, 21]
and in other ambient spaces as well [3, 4, 27, 32]. If we write H and K in terms of the
principal curvatures κ1 and κ2, the problem reduces to finding surfaces with a prescribed
sum and product of the principal curvatures. On the other hand, the difference κ1 − κ2
seems to be given less attention. In this work, we are interested in the study of the mean
curvature H and skew curvature S =
√
H2 − K in Lorentz-Minkowski space, where the
parameter  is −1 for a space-like surface and +1 for a time-like one (in Euclidean space
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S is just S =
√
H2 −K). If the shape operator is diagonalizable, then the skew curvature
may be written as S = |κ1−κ2|, while the mean curvature is half the sum H = (κ1 +κ2)/2
(in Lorentz-Minkowski space it is possible to have H2 − K < 0, in which case the shape
operator is no longer diagonalizable [24] and S may be chosen in a way that iS < 0).
In the 1960’s, B.-Y. Chen obtained global results for Euclidean closed surfaces related
with the integrated skew curvature [5] (named by him as difference curvature). In the
1970’s, the skew curvature was independently reintroduced in Euclidean space by T. K.
Milnor as an auxiliary tool in the study of open surfaces [25]. Later, she investigated
properties of some quadratic forms defined by using the skew curvature [26]. It is worth
mentioning that at an umbilic point the skew curvature vanishes and, consequently, it
can work as a measure of the surface bend anisotropy. Indeed, we shall see that the mean
and skew curvature can be associated with the expected value and standard deviation of
the normal curvature seen as a random variable, see Eq. (21). In addition, the behavior
of S can be related with the diagonalizability of the shape operator, a problem that does
make sense in non-Riemannian geometry [7, 11, 24]. Moreover, in a Riemannian space
form R(c) it is valid the relation H2 −K ≥ −c, with equality valid for totally umbilical
surfaces only [6]. Finally, let us mention that the (square of the) skew curvature appears
in the study of the Willmore functional W =
∫
(H2 −K)dS [30] and also as a geometry-
induced potential in the context of the quantum dynamics of a particle constrained to
move on a surface in Euclidean space [8, 10].
Recently, surfaces in Euclidean space with constant skew curvature were investigated
[23, 29] and the problem of finding revolution surfaces with prescribed skew curvature
was solved [10] in the context of a quantum constrained dynamics. In this work, we
shall address the problem of finding revolution surfaces with prescribed skew curvature in
Lorentz-Minkowski space following similar techniques to those of Ref. [10]. In addition,
we also revisit the problem of finding Lorentzian revolution surfaces with prescribed mean
curvature by using complex numbers and the so-called Lorentz numbers (also known as
double numbers, see supplement C of [31]), which constitutes a natural generalization of
the technique employed in Euclidean space [22] and can allow for a better understanding
of the results found in Lorentz-Minkowski space [19, 21].
This work is divided as follows. In Section 1 we present the fundamentals of the
geometry in Lorentz-Minkowski space along with the classification of rotations, an Euler
theorem for the normal curvature κn, and a statistical interpretation of H and S as an
expected value and standard deviation of κn, respectively. In Section 2 we address the
problem of finding revolution surfaces with prescribed mean curvature: the surfaces with
a non-lightlike axis are described in Subsections 2.1., 2.2., and 2.3, whose solution of the
prescribed H problem is analyzed in 2.4; and, in Subsection 2.5, we solve the problem
for revolution surfaces with a lightlike axis. Finally, in Section 3, we solve the prescribed
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skew curvature problem for revolution surfaces with a non-lightlike axis. In Appendix A,
we present the ring of Lorentz numbers which constitute an important tool in Section 2.
The present author would like to thank useful discussions with Renato T. Gomes (from
Universidade Federal Rural de Pernambuco, Recife, Brazil) concerning the content of this
work.
1. Differential geometric background
We now present some geometric preliminaries and also establish an Euler theorem for
the normal curvature leading to a statistical interpretation for H and S which qualifies
them as appropriate quantities in the study of the extrinsic behavior of a surface. In
later sections, we shall study all the basic types of revolution surfaces in E31 (see Table 1)
and show how to find revolution surfaces with prescribed mean or skew curvatures. Both
problems shall be solved by conveniently rewriting the respective curvature equations in
terms of certain linear ODE’s.
Let us denote by E31 the 3-dimensional Lorentz-Minkowski space, i.e., the vector space
R3 equipped with the index one metric
(1)
〈
(u1, u2, u3), (v1, v2, v3)
〉
= u1v1 + u2v2 − u3v3 .
On the other hand, we shall denote the usual Euclidean space by E3.
In E31 we may introduce the concept of causal character as follows: we say that v ∈ E31
is (i) spacelike, (ii) timelike, or (iii) lightlike if (i) 〈v, v〉 > 0 or v = 0, (ii) 〈v, v〉 < 0, or
(iii) 〈v, v〉 = 0 and v 6= 0, respectively. Given a regular parameterized curve α : I → E31,
i.e., α′ 6= 0, we say that α is a spacelike, timelike, or lightlike curve if α′ is spacelike,
timelike, or lightlike in I, respectively (for space- or time-like curves we may introduce
an arc-length parameter s as usual: s =
∫ √|〈α′(t), α′(t)〉|dt). On the other hand, for
a regular surface Σ given by a parameterization X : U → Σ ⊂ E31, we say that Σ is a
spacelike, timelike, or lightlike surface if the induced metric p 7→ 〈·, ·〉|TpΣ is Riemannian,
Lorentzian (non-degenerate with index 1), or degenerate with rank 1, respectively.
A rotation in E31 is an isometry leaving a certain straight line pointwise fixed, known
as rotation axis. Rotations are completely determined by the causal character of the
respective rotation axis [24]. In this way, it suffices to consider the three cases below:
(a) timelike axis : supposing that the axis is (0, 0, 1), we have
(2) Tθ =
 cos θ − sin θ 0sin θ cos θ 0
0 0 1
 , θ ∈ S1;
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(b) spacelike axis : supposing that the axis is (1, 0, 0), we have
(3) Sθ =
 1 0 00 cosh θ sinh θ
0 sinh θ cosh θ
 , θ ∈ R ; and
(c) lightlike axis : supposing that the axis is (0, 1, 1), we have
(4) Lθ =
 1 θ −θ−θ 1− θ22 θ22
−θ − θ2
2
1 + θ
2
2
 , θ ∈ R .
Apart from subsection 1.1. below, in this work we shall be interested in revolution
surfaces only, i.e., surfaces Σ invariant by Tθ, Sθ, or Lθ: e.g., for a timelike axis, Σ = Tθ(Σ)
for all θ. Here, the whole surface can be obtained by rotating a curve, the generating curve,
that can be assumed to be contained in a plane (which also contains the axis, Figure 1).
The many possibilities for the causal characters of the rotation axis in combination
with the causal characters of the generating curve and the plane where it is contained in
give rise to various types of revolution surfaces in E31, as will become clear in the following
(see Table 1 and Figure 1).
Axis Plane Curve Surface
time time time time
space space
space time time time
space space
space space time
light time time time
space space
Table 1. Causal characters of revolution surfaces in terms of the causal
characters of the rotation axis, the plane that contains the generating curve,
and the generating curve (the only lightlike revolution surfaces are lightlike
planes and light cones [20]).
Due to the intimate relationship between the causal characters of a vector subspace
V ⊂ E31 and its orthogonal complement V ⊥ induced by 〈·, ·〉, Prop. 1.1 of [24], if a surface
Σ admits a unit normal vector field N (in particular, Σ is not lightlike), then we have
(5)  = 〈N,N〉 ⇒  =
{
−1 , if S is spacelike
+1 , if S is timelike
.
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In local coordinates X : U ⊂ R2 → Σ ⊂ E31, X = X(u, v), the normal can be written as
(6) N =
Xu ×Xv√|Xu ×Xv| ,
where × is the cross product in E31:
(7) (u1, u2, u3)× (v1, v2, v3) = (u2v3 − u3v2)− (u1v3 − u3v1)− (u1v2 − u2v1).
The coefficients gij and hij of the first and second fundamental forms of Σ are de-
fined as g11 = 〈Xu, Xu〉, g12 = 〈Xu, Xv〉, g22 = 〈Xv, Xv〉, and h11 = 〈Xuu, N〉, h12 =
〈Xuv, N〉, h22 = 〈Xvv, N〉, respectively. It is worth mentioning that − = sgn(g) :=
sgn(det gij) and, therefore, g > 0 for a spacelike surface and g < 0 for a timelike one (if
Σ is lightlike, then g = 0) [24].
Finally, in local coordinates the Gaussian K and mean H curvatures are [24]
(8) K = 
h11h22 − h212
g11g22 − g212
and H =

2
g11h22 − 2g12h12 + g22h11
g11g22 − g212
,
while the skew curvature S is
(9) S =
√
H2 − K.
By convention, if H2 − K < 0, we may choose S in a way that iS < 0. For revolution
surfaces, however, we do not need to worry about such a possibility since the shape oper-
ator Ap = −dN is always diagonalizable and then H2− K ≥ 0. Indeed, the discriminant
of the characteristic polynomial of Ap is precisely 4(H
2 − K) [24].
Remark 1.1. In [7], the skew curvature is defined to be
√
H2 −K and denoted by H ′.
Here we shall denoted it by S (from skew) instead of H ′ in order to avoid confusion with
a derivative of H. In addition, since 4(H2 − K) is the discriminant of the characteristic
polynomial of the shape operator [24], it seems to be more natural to define S the way we
do. Finally, we believe that the results to be presented in the subsection below and also
in Section 3, for revolution surfaces with non-lightlike axis, will show that our definition
allows for a suitable use of the skew curvature concept.
1.1. Euler theorem and statistical interpretation of the mean and skew curva-
tures. Since S vanishes at an umbilic point, it can be thought to be a measure of the
surface bend anisotropy. Indeed, we shall show below that the mean and skew curvatures
are respectively given in terms of the expected value and standard deviation of the normal
curvature κn, when we see κn as a random variable. This suggests that H and S together
are appropriate quantities to have a glimpse of the extrinsic behavior of a surface.
Let Σ be a regular parameterized surface, not necessarily of revolution, and p ∈ Σ.
The normal curvature κn at p is a real function over the set of unit tangent vectors, i.e.,
κn : S1 → R for a spacelike surface or κn : S11 ∪ H1 → R for a timelike one. We assume
in addition that the shape operator Ap = −dN at p ∈ Σ has non-lightlike eigenvectors
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ui (i = 1, 2) with eigenvalues κi (i = 1, 2). In particular, we are assuming that Ap
is diagonalizable, in which case the mean and skew curvatures can be written as H =
(κ1 + κ2)/2 and S =
√
(κ1 − κ2)2, respectively (this is the case for revolution surfaces).
If Σ is spacelike, the induced metric is Riemannian and then we can write any unit
tangent vector v at p as
(10) v = cosφu1 + sinφu2, φ ∈ S1.
This leads to the following Euler theorem
(11) κn(p,v) = 〈Ap v,v〉 = cos2(φ)κ1 + sin2(φ)κ2.
Notice this is the same expression we would obtain for a surface Σ in Euclidean space.
On the other hand, if Σ is timelike, the induced metric is Lorentzian and then we can
write any unit tangent vector v at p as
(12) v =
{
± coshφu1 + sinhφu2, if 〈v,v〉 = +1
sinhφu1 ± coshφu2, if 〈v,v〉 = −1
, φ ∈ R,
where we are assuming for simplicity that u1 is the spacelike eigenvector and u2 is the
timelike one. This leads to the following Euler theorem
(13) κn(p,v) =
{
cosh2(φ)κ1 − sinh2(φ)κ2, if 〈v,v〉 = +1
sinh2(φ)κ1 − cosh2(φ)κ2, if 〈v,v〉 = −1
.
Now, pretending κn is a random variable, there are two important parameters naturally
associated with it, namely the expected value µ and the standard deviation σ. Then, if Σ
is spacelike ( = −1), we can use the Euler formula in Eq. (11) to establish the following
relation for the expected value of κn with respect to the uniform (probability) density
dφ/2pi
(14) µ =
∫ 2pi
0
κn(φ)
dφ
2pi
=
κ1 + κ2
2
⇒ H = −µ .
In addition, the standard deviation gives
(15) σ =
√∫ 2pi
0
[κn(φ)− µ]2 dφ
2pi
=
√
(κ1 − κ2)2
8
⇒ S = 2
√
2σ.
It is worth mentioning that in Euclidean space we would find analogous results for κn,
namely µ = H and S = 2
√
2σ, as can be easily verified.
The results above for surfaces with an induced metric of Riemannian signature suggest
that we can replace the continuous distribution κn by a discrete one taking the possible
values κ1 or κ2, since in this case
(16) µ =
1
2
2∑
i=1
κi =
κ1 + κ2
2
, σ =
√√√√ 1
2− 1
2∑
i=1
(κi − µ)2 =
√
1
2
(κ1 − κ2)2 .
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In most cases, the passage from the continuous to the discrete can be formally accom-
plished with the help of Dirac delta functions. This idea will prove to be useful when
establishing this statistical analogy for timelike surfaces.
Now, let Σ be a timelike surface ( = +1). Due to symmetry considerations, we restrict
ourselves to what happens along a single branch of the pair of hyperbolas associated with
S11 ∪ H1, say the branch parameterized by φ 7→ (coshφ, sinhφ). Observe that, unlike
the spacelike case, here the integrals
∫
R cosh
2 φ dφ and
∫
R sinh
2 φ dφ do not converge and,
consequently, κn fails to have a finite expected value. To accomplish convergence, we
substitute the density dφ by the Gaussian one e−φ
2/2a2dφ/
√
2a2pi (observe that in the
limit a → 0 we are led to a Dirac delta function). Computing the expected value 〈κn〉a
of κn with respect to e
−φ2/2a2dφ/
√
2a2pi gives
(17) 〈κn〉a =
∫ ∞
−∞
κn(φ) e
− φ2
2a2
dφ√
2a2pi
= κ1
e2a
2
+ 1
2
− κ2 e
2a2 − 1
2
,
where we used the first expression in Eq. (13). Now taking the limit a → 0, formally
interpreted as the passage from a continuous to a discrete description, gives the relation
(18) H =
κ1 + κ2
2
= lim
a→0
〈κn〉a.
Finally, the standard deviation
√〈(∆κn)2〉a of κn with respect to e−φ2/2a2dφ/√2a2pi gives√
〈(∆κn)2〉a =
∫ ∞
−∞
[κn(φ)− µa]2 e−
φ2
2a2
dφ√
2a2pi
= κ21
[
(e2a
2
+ 1)2(3− 2e2a2 + e4a2)
8
]
−
− 2κ1κ2
(
e8a
2 − 1
8
)
+ κ22
[
(e2a
2 − 1)2(3 + 2e2a2 + e4a2)
8
]
− µa(19)
and then
(20) lim
a→0
√
〈(∆κn)2〉a =
√
(κ1 − κ2)2
8
=
S
2
√
2
.
In short, the results above for both space- and time-like surfaces gives that the expected
value µ and standard deviation σ of κn are associated with the mean H and skew S
curvatures according to
(21) H =  µ, S = 2
√
2σ.
Remark 1.2. The choice of e−φ
2/2a2dφ/
√
2a2pi may be not unique and, possibly, one
of these other possibilities may be more natural from a geometric viewpoint. In any case,
based on the results for spacelike surfaces, here we expect the continuous description to
be still compatible with a discrete one and, consequently, H and S together are qualified
to have a glimpse of the extrinsic behavior of both space- and time-like surfaces. This
reasoning gives some support to the trick performed above. Also observe that we should
compute 〈κb〉a and 〈(∆κn)2〉a first and only after take the limit a→ 0.
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 (a)
S
 (b)
T
 (c)
S
L (d)
Figure 1. Revolution surfaces in E31: (a) for curves on a timelike plane
with a spacelike axis S there are two types: a space- or time-like surface for
a space- or time-like curve, respectively; (b) for curves on a timelike plane
with a timelike axis T there are two types: a space- or time-like surface for
a space- or time-like curve, respectively; (c) for curves on a spacelike plane
and, consequently, with a spacelike axis S there is one type: a timelike
surface; and (d) for curves on a timelike plane with a lightlike axis L there
are two types: a space- or time-like surface for a space- or time-like curve,
respectively.
2. Prescribed mean curvature equation in Lorentz-Minkowski space
In this section we solve the problem of prescribed mean curvature. Following Kenmotsu
[22], the strategy for revolution surfaces with a non-lightlike axis (subsections 2.1, 2.2,
and 2.3) consists in considering the generating curve parameterized by arc-length and
then write the equation for the mean curvature, which is initially a nonlinear second
order ODE, as a linear first order ODE with coefficients in a certain ring of hypercomplex
numbers along the generating curves (subsection 2.4): complex number C for curves on a
spacelike plane and Lorentz numbers L (see Appendix A) for curves on a timelike plane.
For a lightlike axis we are still able to solve the prescribed H problem using the real
numbers R (subsection 2.5).
Remark 2.1. The surfaces described in section 2.3, i.e., the ones generated from curves
on a spacelike plane rotated around a spacelike axis (Figure 1(c)), are usually forgotten.
Interestingly, they furnish a counter-example to the assertion that a revolution surface in
E31 inherits the causal character of its generating curve [21] (there Ishihara and Hara only
take into account the revolution of curves on the timelike yz-plane).
2.1. Rotation of a curve on a timelike plane around a timelike axis. Let α : I →
E31 be a C2 regular curve in the xz-plane, i.e., α(s) = (x(s), 0, z(s)) with s arc-length
parameter and x > 0. Considering a rotation of this curve around the z axis gives the
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following surface of revolution
(22) Z(s, θ) = (x(s) cos θ, x(s) sin θ, z(s)),
where θ ∈ (0, 2pi). Since s is the arc-length parameter of α, we can write
(23) η = 〈α′, α′〉 = x′ 2 − z′ 2 ∈ {−1, 1}.
The first fundamental form I is given by
(24) I = η ds2 + x2 dθ2 .
Since g11g22 − g212 = η x2 ⇒  = −η, it follows that Z is a spacelike (timelike) surface if
and only if α is a spacelike (timelike) curve.
Writing the normal vector to Z as
(25) N = (−z′ cos θ,−z′ sin θ,−x′),
the second fundamental form II is given by
(26) II = (x′z′′ − x′′z′) ds2 + xz′ dθ2 .
Since both I and II are diagonal, the shape operator A = I−1II is diagonalizable.
The mean curvature equation is then written as
(27) 2xH + xx′z′′ − xx′′z′ + ηz′ = 0 .
Since α is parametrized by arc-length, we have the additional equations
(28)
{
x′ 2 − z′ 2 = η
x′x′′ = z′z′′
.
Multiplying Eq. (27) by x′ gives
(29) 2xx′H + η(xz′)′ = 0.
On the other hand, multiplying Eq. (27) by z′ gives
(30) 2xz′H + η (xx′)′ − 1 = 0.
By defining A(s) = x(s)x′(s) + ` x(s)z′(s) in L, we can write the two equations above in
a single expression as
(31) A′(s) + 2 ` η H(s)A(s)− η = 0 .
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2.2. Rotation of a curve on a timelike plane around a spacelike axis. Let β :
I → E31 be a C2 regular curve in the xz-plane, i.e., α(s) = (x(s), 0, z(s)) with s arc-length
parameter and z > 0. Considering a rotation of this curve around the x axis gives the
following surface of revolution
(32) XI(s, θ) = (x(s), z(s) sinh θ, z(s) cosh θ),
where θ ∈ (−∞,+∞). Since s is the arc-length parameter of β, we can write
(33) η = 〈α′, α′〉 = x′ 2 − z′ 2 ∈ {−1, 1}.
The first fundamental form I is given by
(34) I = η ds2 + z2 dθ2 .
Since g = g11g22− g212 = η z2 ⇒  = −η, it follows that XI is a spacelike (timelike) surface
if and only if β is a spacelike (timelike) curve.
Writing the normal vector to XI as
(35) N = (−z′,−x′ sinh θ,−x′ cosh θ),
the second fundamental form II is given by
(36) II = (x′z′′ − x′′z′) ds2 + zx′ dθ2 .
Since both I and II are diagonal, the shape operator A = I−1II is diagonalizable.
The mean curvature equation is then written as
(37) 2zH + zx′z′′ − zx′′z′ + η x′ = 0 .
Since β is parametrized by arc-length, we have the additional equations
(38)
{
x′ 2 − z′ 2 = η
x′x′′ = z′z′′
.
Multiplying Eq. (37) by x′ gives
(39) 2zx′H + η(zz′)′ + 1 = 0.
On the other hand, multiplying Eq. (37) by z′ gives
(40) 2zz′H + η(zx′)′ = 0.
By defining B(s) = z(s)z′(s) + ` z(s)x′(s) in L, we can write the two equations above in
a single expression as
(41) B′(s) + 2 ` η H(s)B(s) + η = 0 .
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2.3. Rotation of a curve on a spacelike plane around a spacelike axis. Let γ :
I → E31 be a C2 regular curve in the xy-plane, i.e., γ(s) = (x(s), y(s), 0) with s arc-length
and y > 0. Considering a rotation of this curve around the x axis gives the following
surface of revolution
(42) XII(s, θ) = (x(s), y(s) cosh θ, y(s) sinh θ),
where θ ∈ (−∞,+∞). Since s is the arc-length parameter of γ, the first fundamental
form I is given by
(43) I = ds2 − y2 dθ2 .
Since g = g11g22 − g212 = −y2 ⇒  = +1, it follows that XII is a timelike surface (observe
that γ is necessarily a spacelike curve).
Writing the normal vector to XII as
(44) N = (y′,−x′ cosh θ,−x′ sinh θ),
the second fundamental form II is given by
(45) II = (x′′y′ − x′y′′) ds2 − x′y dθ2 .
Since both I and II are diagonal, the shape operator A = I−1II is diagonalizable.
The mean curvature equation is then written as
(46) 2yH − yy′x′′ + yx′y′′ − x′ = 0 .
Since β is parametrized by arc-length, we have the additional equations
(47)
{
x′ 2 + y′ 2 = 1
x′x′′ = −y′y′′ .
Multiplying Eq. (46) by x′ gives
(48) 2yx′H + (yy′)′ − 1 = 0.
On the other hand, multiplying Eq. (46) by y′ gives
(49) 2yy′H − (yx′)′ = 0.
By defining C(s) = y(s)y′(s) + i y(s)x′(s) in C we can write the two equations above in a
single expression as
(50) C ′(s)− 2 iH(s)C(s)− 1 = 0 .
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2.4. Solution of the mean curvature equation for revolution surfaces with a
non-lightlike axis. In this subsection we shall prove three theorems (Theorems 2.2, 2.3,
and 2.4) stating that given a continuous function H : I → R there exists a 3-parameter
family of C2 curves whose corresponding revolution surface has C0 mean curvature H
when rotated around a non-lightlike axis as described in Figures 1(a), 1(b), and 1(c).
Here, we also comment on the characterization of constant mean curvature revolution
surfaces as Delaunay surfaces (Theorem 2.6).
For revolution surfaces with a non-lightlike axis the mean curvature equation strongly
depends on the causal character of the plane Π that contains the generating curve. Indeed,
from Eqs. (31), (41), and (50), the mean curvature equations relate to either
(51) A′(s) + 2 ` η H(s)A(s)− η = 0 and B′(s) + 2 ` η H(s)B(s) + η = 0
if Π is timelike or to
(52) C ′(s)− 2 iH(s)C(s)− 1 = 0
if Π is spacelike. These equations can be exactly solved:
(a) for a curve on a timelike plane rotated around a timelike axis the solution is
(53) A(s) =
[∫ s
0
η e2`η
∫ t
0 H(u)du dt
]
e−2`η
∫ s
0 H(t)dt + A0 e
−2`η ∫ s0 H(t)dt ,
where A0 is a constant;
(b) for a curve on a timelike plane rotated around a spacelike axis the solution is
(54) B(s) = −
[∫ s
0
η e2`η
∫ t
0 H(u)du dt
]
e−2`η
∫ s
0 H(t)dt +B0 e
−2`η ∫ s0 H(t)dt ,
where B0 is a constant; and
(c) for a curve on a spacelike plane (rotated around a spacelike axis) the solution is
(55) C(s) =
[∫ s
0
e−2i
∫ t
0 H(u)du dt
]
e2i
∫ s
0 H(t)dt + C0 e
2i
∫ s
0 H(t)dt ,
where C0 is a constant.
From the solutions above we can find a generating curve (x(s), 0, z(s)) or (x(s), y(s), 0)
leading to a surface with prescribed mean curvature H. Indeed, the Lorentzian variable
A in Eq. (31) satisfies
(56)
{
AA¯ = ηx2
A− A¯ = 2`xz′ ⇒ z
′ =
A− A¯
2`
√
ηAA
.
On the other hand, the Lorentzian variable B in Eq. (41) satisfies
(57)
{
BB¯ = −ηz2
B − B¯ = 2`zx′ ⇒ x
′ =
B − B¯
2`
√
−ηB B
.
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Finally, the complex variable C in Eq. (50) satisfies
(58)
{
CC¯ = y2
C − C¯ = 2iyx′ ⇒ x
′ =
C − C¯
2i
√
C C
.
Theorem 2.2. Let α(s) = (x(s), 0, z(s)) be the generating curve of a C2 revolution
surface with timelike axis Oz and C0 mean curvature H(s). Then, we can express α(s)
as
(59)
α(s;H, a) =
(√
η[(g1 + ηa1)2 − (f1 + ηa2)2], 0,
∫ s
0
η
g′1(f1 + ηa2)− f ′1(g1 + ηa1)√
η[(g1 + ηa1)2 − (f1 + ηa2)2]
dt+ a3
)
,
where we have introduced the functions
(60)
{
f1(s) =
∫ s
0
sinh(2η
∫ t
0
H(u)du)dt
g1(s) =
∫ s
0
cosh(2η
∫ t
0
H(u)du)dt
and the constant vector a = (a1, a2, a3) satisfies the initial conditions at s = 0 given by
α(0) = (
√
η(a21 − a22), 0, a3) and α′(0) = [η(a21 − a22)]−1/2(a1, 0, a2).
Conversely, given a continuous function H(s), s ∈ I, and a constant vector (a1, a2, a3) ∈
S1 × R, where S1 = ∪s∈I{(X, Y ) : [X + ηg1(s)]2 − [Y + ηf1(s)]2 6= 0}, then the C2 curve
α(s;H(s), a) generates a C2 revolution surface with C0 mean curvature H(s) when rotated
around the (timelike) z-axis.
Proof. Using the functions introduced in Eq. (60), we can rewrite Eq. (53) as
(61) A = η[(f1 + ηa2) + `(g1 + ηa1)](−f ′1 + `g′1),
where `A0 = a2 + `a1. Consequently,
(62)
{
A− A¯ = 2η` [g′1(f1 + ηa2)− f ′1(g1 + ηa1)]
AA¯ = −(f1 + ηa2)2 + (g1 + ηa1)2
.
Finally, inserting the relations above in Eq. (56) gives the expressions for x(s) and
z(s) (after integration of z′) resulting in the expression for α(s;H(s), a) in Eq. (59).
Geometrically, the constants a1, a2, a3 are related to the initial conditions, i.e., position
and initial velocity of the generating curve at s = 0: α(0) = (
√
η(a21 − a22), 0, a3) and
α′(0) = [η(a21 − a22)]−1/2(a1, 0, a2).
Conversely, given a continuous function H : I → R and (a1, a2, a3) ∈ S1×R, notice that
S1 is a non-empty open subset of R2, the curve α(s;H(s), a) is a unit speed curve of class
C2 that generates a C2 revolution surface around the (timelike) z-axis with continuous
mean curvature H. 
Theorem 2.3. Let β(s) = (x(s), 0, z(s)) be the generating curve of a C2 revolution
surface with spacelike axis Ox and C0 mean curvature H(s). Then, we can express β(s)
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as
(63)
β(s;H,b) =
(∫ s
0
−η g
′
2(f2 − ηb1)− f ′2(g2 − ηb2)√
η[(f2 − ηb1)2 − (g2 − ηb2)2]
dt+ b3, 0,
√
η[(f2 − ηb1)2 − (g2 − ηb2)2]
)
,
where we have introduced the functions
(64)
{
f2(s) =
∫ s
0
sinh(2η
∫ t
0
H(u)du)dt
g2(s) =
∫ s
0
cosh(2η
∫ t
0
H(u)du)dt
and the constant vector b = (b1, b2, b3) satisfies the initial conditions at s = 0 given by
β(0) = (b3, 0,
√
η(b21 − b22)) and β′(0) = [η(b21 − b22)]−1/2(b1, 0, b2).
Conversely, given a continuous function H(s), s ∈ I, and a constant vector (b1, b2, b3) ∈
S2 × R, where S2 = ∪s∈I{(X, Y ) : [X − ηf2(s)]2 − [Y − ηg2(s)]2 6= 0}, then the C2 curve
β(s;H(s),b) generates a C2 revolution surface with C0 mean curvature H(s) when rotated
around the (spacelike) x-axis.
Proof. The proof is analogous to the previous one, since the solution for the mean
curvature equation in terms of B, Eq. (41), is analogous to that of A, Eq. (31). Notice
that here we should write the constant of integration B0 in Eq. (54) as `B0 = b1 +` b2. 
Theorem 2.4. Let γ(s) = (x(s), y(s), 0) be the generating curve of a C2 revolution
surface with spacelike axis Ox and C0 mean curvature H(s). Then, we can express γ(s)
as
(65)
γ(s;H(s), c) =
(∫ s
0
F ′(G+ c2)−G′(F − c1)√
(F − c1)2 + (G+ c2)2
dt+ c3 ,
√
(F − c1)2 + (G+ c2)2, 0
)
,
where we have introduced the functions
(66)
{
F (s) =
∫ s
0
sin(2
∫ t
0
H(u)du)dt
G(s) =
∫ s
0
cos(2
∫ t
0
H(u)du)dt
and the constant vector c = (c1, c2, c3) satisfies the initial conditions at s = 0 given by
γ(0) = (c3,
√
c21 + c
2
2, 0) and γ
′(0) = (c21 + c
2
2)
−1/2(c1, c2, 0).
Conversely, given a continuous function H(s), s ∈ I, and constants (c1, c2, c3) ∈ T ×R,
where T = ∪s∈I{(X, Y ) : [X − F (s)]2 + [Y +G(s)]2 6= 0}, then the C2 curve γ(s;H(s), c)
generates a C2 revolution surface with C0 mean curvature H(s) when rotated around the
(spacelike) x-axis.
Proof. Using the functions introduced in Eq. (66), we can rewrite Eq. (55) as
(67) C = [(F − c1) + i(G+ c2)](F ′ − iG′),
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where iC0 = −c1 + ic2. Consequently,
(68)
{
C − C¯ = 2i[F ′(G+ c2)−G′(F − c1)]
CC¯ = (F − c1)2 + (G+ c2)2
.
Finally, inserting the relations above in Eq. (58) gives the expressions for x(s) (after inte-
gration of x′) and y(s) resulting the expression for γ(s;H(s), c) in Eq. (65). Geometrically,
the constants c1, c2, c3 are related to the initial conditions, i.e., position and initial velocity
of the generating curve at s = 0: γ(0) = (c3,
√
c21 + c
2
2, 0) and γ
′(0) = (c21+c
2
2)
−1/2(c1, c2, 0).
Conversely, given a continuous function H : I → R and (c1, c2, c3) ∈ T ×R, notice that
T is a non-empty open subset of R2, the curve γ(s;H(s), c) is a unit speed curve of class
C2 that generates a C2 revolution surface around the (spacelike) x-axis with continuous
mean curvature H. 
Remark 2.5. Notice that the curvature function of the curves (fi, gi), i ∈ {1, 2},
and (F,G) are precisely κ = 2H. Indeed, applying the expressions for the curvature
function of a curve c(s) in a Lorentzian (+,−) and on a Euclidean (+,+) plane, i.e.,
κ = −ηc′‖c′′‖ [9] and κ = ‖c′′‖, respectively, gives the desired result (here ηc′ = 〈c′, c′〉 =
sinh2(2η
∫
H)− cosh2(2η ∫ H) = −1). A similar result is valid in E3 [22].
To finish this subsection, let us mention that in Euclidean space a theorem due to
Delaunay asserts that revolution surfaces with constant mean curvature are precisely the
undulary, nodary, and catenary [12]. These surfaces are obtained by rotating roulettes
of ellipses, hyperbolas, and parabolas, respectively [15]. Delaunay-type theorems were
already established for revolution surfaces with generating curves on a timelike plane
[19, 21]. In the next theorem, we shall prove that the same is valid for the situation where
the generating curve lies on a spacelike plane.
Theorem 2.6 (Delaunay-type theorem). Let γ(s) = (x(s), y(s), 0) be the generating
curve of a revolution surface Sγ with spacelike axis Ox. Then, the surface Sγ has constant
mean curvature H if, and only if, γ is the roulette of a conic in the xy-plane.
Proof. Since the xy-plane is spacelike, its conics and roulettes are the same as in an
Euclidean plane. Finally, due to the fact that the mean curvature equations in Euclidean
space, Eq. (1) of [22], and in Lorentz-Minkowski space (46) are the same, it follows that
constant mean curvature revolution surfaces with generating curve in a spacelike axis are
obtained from the revolution of roulettes of a conic. 
2.5. Rotation of a curve on a timelike plane around a lightlike axis. Let λ : I →
E31 be a C2 regular curve in the yz-plane, i.e., λ(s) = (0, y(s), z(s)) with s arc-length and
y > z. Considering a rotation of this curve along a lightlike axis given by (0, 1, 1) results
in the following surface of revolution
(69) L(s, θ) =
(
[y(s)− z(z)] θ, y(s)− θ
2
2
[y(s)− z(s)], z(s)− θ
2
2
[y(s)− z(s)]
)
,
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where θ ∈ (−∞,+∞). Since s is the arc-length parameter of λ, we can write
(70) y′ 2 − z′ 2 = η ∈ {−1,+1} .
The first fundamental form is given by
(71) I = η ds2 + (y − z)2 dθ2 .
Since g = g11g22 − g212 = η(y − z)2 ⇒  = −η, it follows that L is a spacelike (timelike)
surface if and only if λ(s) is a spacelike (timelike) curve.
Writing the normal vector to L as
(72) N =
(
− (y′ − z′) θ, z′ + θ
2
2
(y′ − z′), y′ + θ
2
2
(y′ − z′)
)
,
the second fundamental form is given by
(73) II = (y′′z′ − y′z′′) ds2 + (y − z)(y′ − z′) dθ2 .
Since both I and II are diagonal, the shape operator A = I−1II is diagonalizable.
The mean curvature equation is then written as
(74) 2(y − z)H + (y − z)(y′′z′ − y′z′′) + η (y′ − z′) = 0 .
Since λ(s) is parametrized by arc-length, we have the additional equations
(75)
{
y′ 2 − z′ 2 = η
y′y′′ = z′z′′
.
Multiplying Eq. (74) by (y′ − z′) gives
(76) 2η (y − z)(y′ − z′)H + [(y − z)(y′ − z′)]′ = 0.
Solving the above equation gives (y− z)(y′− z′) = a0 e−2η
∫
H . Then, we have the relation
(y − z)d(y − z) = a0 e−2η
∫
H ds and, consequently,
(77) y(s)− z(s) =
{
a1 + a0
∫ s
0
exp[−2η
∫ u
0
H(t) dt ] du
}1/2
,
where a0 and a1 are constants to be specified at s = 0. On the other hand, multiplying
Eq. (74) by (y′ + z′) gives
(78) 2(y − z)(y′ + z′)H − η(y − z)(y′′ + z′′) + 1 = 0⇒ 2ηH y
′ + z′
y − z −
(
y′ + z′
y − z
)′
= 0.
The solution of the above equation gives y′ + z′ = (y − z)b0e2η
∫
H . Then, we have
(79) y(s) + z(s) = b1 + b0
∫ s
0
a(u) exp
(
2η
∫ u
0
H(t)dt
)
du ,
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where b0, b1 are constants and a(u) = y(u)− z(u), Eq. (77). Finally, from the knowledge
of y + z and y − z we can find the expressions for y and z:
(80)
y(s) =
(
b1 +
√
a1 + a0
∫ s
0
du e2η
∫ u
0 dtH + b0
∫ s
0
du e2η
∫ u
0 dtH
√
a1 + a0
∫ u
0
dt e2η
∫ t
0 dv H
)
2
;
(81)
z(s) = −
(
b1 −
√
a1 + a0
∫ s
0
du e2η
∫ u
0 dtH + b0
∫ s
0
du e2η
∫ u
0 dtH
√
a1 + a0
∫ u
0
dt e2η
∫ t
0 dv H
)
2
.
3. Prescribed skew curvature equation in Lorentz-Minkowski space
We now address the problem of prescribed skew curvature for revolution surfaces with
a non-lightlike axis, as depicted in Figures 1(a), 1(b), and (c). Following da Silva et al.
[10], the strategy consists in considering the generating curve as a graph and then write
the equation for the skew curvature, which is initially a nonlinear second order ODE, as
a linear first order ODE (with real coefficients). This approach can be seen as an adap-
tation of the techniques presented in [1] and [2] for helicoidal surfaces with prescribed
mean/Gaussian curvature in Euclidean and Lorentz-Minkowski spaces, respectively. Un-
fortunately, we were not able to solve the S prescribed problem for revolution surfaces
with a lightlike axis, Figure 1(d), with the present technique.
It is worth mentioning that in [10], the authors point to the fact that a curve which
is a graph in the xz-plane, say α(u) = (u, 0, z(u)), can be rotated around either the x-
or z-axis. Nonetheless, these two possibilities lead to the same answer for the prescribed
skew curvature problem in E3. Notice, however, that these equivalent procedures do not
make sense in E31, since distinct choices for the rotation axis lead to distinct types of
surfaces (see Table 1). Instead, we should fix the axis and consider a curve as a graph in
two ways (see subsections below).
3.1. Rotation of a curve on a timelike plane around a timelike axis. Let α : I →
E31 be a C2 regular in the xz-plane, i.e., α(u) = (x(u), 0, z(u)) with x > 0. Considering
a rotation of this curve around the timelike axis given by (0, 0, 1) results in the following
surface of revolution
(82) Z(u, θ) = (x(u) cos θ, x(u) sin θ, z(u)),
where θ ∈ (0, 2pi). The causal character of α can be denoted through
(83) η = sgn(〈α′, α′〉) = sgn(x′ 2 − z′ 2) ∈ {−1, 1}.
The first fundamental form I is given by
(84) I = (x′ 2 − z′ 2) du2 + x2 dθ2 .
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Since 〈Zu × Zθ, Zu × Zθ〉 = −x2(x′ 2 − z′ 2), we have  = −η and the normal to Z(u, θ) is
(85) N =
−1√
η(x′ 2 − z′ 2)(z
′ cos θ, z′ sin θ, x′).
The second fundamental form II is given by
(86) II =
x′z′′ − x′′z′√
η(x′ 2 − z′ 2) du
2 +
xz′√
η(x′ 2 − z′ 2) dθ
2 .
3.1.1. Generating curve as a graph with x as independent variable. Let α(u) = (u, 0, z(u))
be a graph with the x-direction as the independent variable. Here, the mean and Gaussian
curvatures are
(87) H = −uz
′′ + z′(1− z′ 2)
2u[η(1− z′ 2)]3/2 and K = −
z′z′′
u(1− z′ 2)2 ,
respectively. Defining
(88) A =
z′
u
√
η(1− z′ 2) and B =
z′ 2
(1− z′ 2) ,
the Gaussian and mean curvatures can be respectively written as the linear equations
(89) A′ +
2
u
A = −η 2
u
H and B′ = −2uK .
In addition, observing that B = η u2A2, we can write
(90) S2 = H2 − K =
(
A+
u
2
A′
)2
− (A2 + uAA′) = u2
4
A′ 2 .
The function A(u) can be written in terms of the skew curvature S as
(91) A(u) = ± 2
∫
S(v)
v
dv + a0 ,
where a0 is a constant of integration. Now, using the expression for A in Eq. (88), we
find that
(92) z′ 2 =
η u2A2
1 + η u2A2
⇒ z(u) = ±
∫
vA(v)√
η + v2A2(v)
dv + z0 ,
where z0 is another constant of integration.
3.1.2. Generating curve as a graph with z as independent variable. Let α(u) = (x(u), 0, u)
be a graph with the z-direction as the independent variable. Here, the mean and Gaussian
curvatures are
(93) H =
1− x′ 2 + xx′′
2x[η(x′ 2 − 1)]3/2 and K =
x′′
x(x′ 2 − 1)2 ,
respectively. Defining
(94) A(u) =
1
x
√
η(x′ 2 − 1) ,
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we can write
(95) ± S = 1− x
′ 2 − xx′′
2x[η(x′ 2 − 1)]3/2 = η
x
2x′
dA
du
.
Then, we have the following ODE for A
(96) x
dA
du
∓ 2ηSdx
du
=
(
x
dA
dx
∓ 2ηS
)
dx
du
= 0 .
If x′(u) ≡ 0 we have a cylinder. Otherwise, we are led to
(97) x
dA
dx
∓ 2ηS = 0⇒ A = ±2η
∫
S(v)
v
dv + a1 .
Now, using the definition of A above, we finally find that
(98)
dx
du
= ±
√
η + x2A2
x2A2
⇒ u(x) = ±
∫
vA(v)√
η + v2A(v)2
dv + u0 .
Observe that the equation above is identical to Eq. (92), but instead of finding x(u)
as a function of u we found its inverse. This shows that a graph of a solution f(u) of
Eq. (92) gives rise to a revolution surface with prescribed S with either x- or the z-axis
as the independent variable direction, i.e., we can choose either α(u) = (u, 0, f(u)) or
α(u) = (f(u), 0, u) to rotate around the timelike z-axis. The only difference between
these two choices lies in the causal character of α.
3.2. Rotation of a curve on a timelike plane around a spacelike axis. Let β :
I → E31 be a C2 regular curve in the xz-plane, i.e., β(u) = (x(u), 0, z(u)) with z > 0.
Considering a rotation of this curve around the spacelike axis given by (1, 0, 0) results in
the following surface of revolution
(99) XI(u, θ) = (x(u), z(u) sinh θ, z(u) cosh θ),
where θ ∈ (−∞,∞). The causal character of β can be described through
(100) η = sgn(〈β′, β′〉) = sgn(x′ 2 − z′ 2) ∈ {−1, 1}.
The first fundamental form I is given by
(101) I = (x′ 2 − z′ 2) du2 + z2 dθ2 .
Since 〈∂uXI × ∂θXI , ∂uXI × ∂θXI〉 = −z2(x′ 2 − z′ 2), we have  = −η and the normal to
XI(u, θ) is
(102) N =
−1√
η(x′ 2 − z′ 2)(z
′, x′ sinh θ, x′ cosh θ).
The second fundamental form II is given by
(103) II =
x′z′′ − x′′z′√
η(x′ 2 − z′ 2) du
2 +
x′z√
η(x′ 2 − z′ 2) dθ
2 .
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3.2.1. Generating curve as a graph with z as independent variable. Let β(u) = (x(u), 0, u)
be a graph with the z-direction as the independent variable. Here, the mean and Gaussian
curvatures are
(104) H =
ux′′ − x′(x′ 2 − 1)
2u[η(x′ 2 − 1)]3/2 and K =
x′x′′
u(x′ 2 − 1)2 ,
respectively. Defining
(105) A =
x′
u
√
η(x′ 2 − 1) and B =
x′ 2
(x′ 2 − 1) ,
the Gaussian and mean curvatures can be respectively written as the linear equations
(106) A′ +
2
u
A = −η 2
u
H and B′ = −2uK .
Observing that the equations above are analogous to those of Z, Eqs. (88) and (89),
we have
(107) A(u) = ± 2
∫
S(v)
v
dv + a0 ,
where a0 is a constant of integration. Now, using the expression for A in Eq. (105), we
find that
(108) x′ 2 = − η u
2A2
1− η u2A2 ⇒ x(u) = ±
∫
vA(v)√−η + v2A2(v) dv + x0 ,
where x0 is another constant of integration.
3.2.2. Generating curve as a graph with x as independent variable. Let β(u) = (u, 0, z(u))
be a graph with the x-direction as the independent variable. Here, the mean and Gaussian
curvatures are
(109) H = − 1− z
′ 2 + zz′′
2z[η(1− z′ 2)]3/2 and K = −
z′′
z(1− z′ 2)2 ,
respectively. Defining
(110) A(u) =
1
z
√
η(1− z′ 2) ,
we can write
(111) ± S = 1− z
′ 2 − zz′′
2z[η(1− z′ 2)]3/2 = −η
z
2z′
dA
du
.
Then, we have the following ODE for A
(112) z
dA
du
± 2ηS dz
du
=
(
z
dA
dz
± 2ηS
)
dz
du
= 0 .
If z′(u) ≡ 0 we have a cylinder. Otherwise, we are led to
(113) z
dA
dz
± 2ηS = 0⇒ A = ±2η
∫
S(v)
v
dv + a1 .
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Now, using the definition of A above, we finally find that
(114)
dz
du
= ±
√
−η + z2A2
z2A2
⇒ u(z) = ±
∫
vA(v)√−η + v2A(v)2 dv + u0 .
Observe that the equation above is identical to Eq. (108), but instead of finding z(u)
as a function of u we found its inverse. This shows that a graph of a solution f(u) of
Eq. (108) gives rise to a revolution surface with prescribed S with either x- or the z-axis
as the independent variable direction, i.e., we can choose either β(u) = (u, 0, f(u)) or
β(u) = (f(u), 0, u) to rotate around the spacelike x-axis. The only difference between
these two choices lies in the causal character of β.
3.3. Rotation of a curve on a spacelike plane around a spacelike axis. Let γ :
I → E31 be a C2 regular curve in the xy-plane, i.e., γ(u) = (x(u), y(u), 0) with y > 0.
Considering a rotation of this curve around the (spacelike) x-axis results in the following
surface of revolution
(115) XII(u, θ) = (x(u), y(u) cosh θ, y(u) sinh θ),
where θ ∈ (−∞,∞). The curve γ is always spacelike, since
(116) 〈γ′, γ′〉 = (x′ 2 + y′ 2) > 0.
The first fundamental form I is given by
(117) I = (x′ 2 + y′ 2) du2 − y2 dθ2 ,
the normal to XII(u, θ) is
(118) N =
1√
x′ 2 + y′ 2
(y′,−x′ cosh θ,−x′ sinh θ),
and the second fundamental form II is
(119) II =
x′′y′ − x′y′′√
x′ 2 + y′ 2
du2 − x
′y√
x′ 2 + y′ 2
dθ2 .
3.3.1. Generating curve as a graph with y as independent variable. Let γ(u) = (x(u), u, 0)
be a graph with the y-direction as the independent variable. Here, the mean and Gaussian
curvatures are
(120) H =
ux′′ + x′(1 + x′ 2)
2u(1 + x′ 2)3/2
and K =
x′x′′
u(1 + x′ 2)2
,
respectively. Defining
(121) A =
x′
u
√
(1 + x′ 2)
and B =
x′ 2
(1 + x′ 2)
,
the Gaussian and mean curvatures can be respectively written as the linear equations
(122) A′ +
2
u
A =
2
u
H and B′ = 2uK .
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In addition, observing that B = u2A2, we can write
(123) S2 = H2 −K =
(
A+
u
2
A′
)2
− (A2 + uAA′) = u2
4
A′ 2 .
The function A(u) can be written in terms of the skew curvature S as
(124) A(u) = ± 2
∫
S(v)
v
dv + a0 ,
where a0 is a constant of integration. Now, using the expression for A in Eq. (121), we
find that
(125) x′ 2 =
u2A2
1− u2A2 ⇒ x(u) = ±
∫
vA(v)√
1− v2A2(v) dv + x0 ,
where x0 is another constant of integration.
3.3.2. Generating curve as a graph with x as independent variable. Let γ(u) = (u, y(u), 0)
be a graph with the x-direction as the independent variable. Here, the mean and Gaussian
curvatures are
(126) H =
1 + y′ 2 − yy′′
2y(1 + y′ 2)3/2
and K = − y
′′
y(1 + y′ 2)2
,
respectively. Defining
(127) A(u) =
1
y
√
1 + y′ 2
,
we can write
(128) ± S = 1 + y
′ 2 + yy′′
2y(1 + y′ 2)3/2
= − y
2y′
dA
du
.
Then, we have the following ODE for A
(129) y
dA
du
± 2S dy
du
=
(
y
dA
dy
± 2S
)
dy
du
= 0 .
If y′(u) ≡ 0 we have a cylinder. Otherwise, we are led to
(130) y
dA
dy
± 2S = 0⇒ A(u) = ±2
∫
S(v)
v
dv + a1 .
Now, using the definition of A above, we finally find that
(131)
dy
du
= ±
√
1− y2A2
y2A2
⇒ u(y) = ±
∫
vA(v)√
1− v2A(v)2 dv + u0 .
Observe that the equation above is identical to Eq. (125), but instead of finding y(u)
as a function of u we found its inverse. This shows that a graph of a solution f(u) of
Eq. (125) gives rise to a revolution surface with prescribed S with either x- or the y-axis
as the independent variable direction, i.e., we can choose either γ(u) = (u, f(u), 0) or
γ(u) = (f(u), u, 0) to rotate around the spacelike x-axis. Notice that the causal character
of γ, and the respective revolution surface, does not depend on this choice.
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Appendix A. Lorentz numbers
The ring of Lorentz numbers L, often named double or hyperbolic numbers [31], is
L = {a+ b` : a, b ∈ R, ` 6∈ R, and `2 = 1}, which is isomorphic to R[X]/(X2 − 1), where
R[X] is the ring of real polynomials. The sum and product in the (commutative) ring
L is defined as usual: (a + b`) + (α + β`) = (a + α) + (b + β)` and (a + b`)(α + β`) =
(aα + bβ) + (aβ + bα)`. Moreover, L does not form a field, since (a± a`)2 = 0.
It is also possible to define a conjugation of w = a + b` ∈ L as usual w¯ = a − b`.
Consequently, if a2 − b2 6= 0, then w−1 = w¯/(ww¯), where |w|2 = ww¯ = a2 − b2 ∈ R.
A Lorentz number w is space-, time-, or light-like if ww¯ > 0 or w = 0, ww¯ < 0, or
ww¯ = 0, respectively. The lightlike numbers are precisely the zero divisors of L and are
of the form a ± a`. The set of invertible Lorentz numbers is L∗ = {w ∈ L : ∃w−1} =
L− ({0} ∪ {a± a`}).
Moreover, the Lorentz numbers admit the linear representation
(132) a+ b` 7→
(
a b
b a
)
,
from which we can define a polar form of a Lorentz number w ∈ L∗ to be
(133) a+ b` =
{
r(cosh θ + ` sinh θ), if a2 − b2 > 0
r(sinh θ + ` cosh θ), if a2 − b2 < 0 ,
where r =
√|ww¯| = √|a2 − b2| is its the length. We also define an exponential function
(134) exp(a+ b`) = ea+b` = ea(cosh b+ ` sinh b) .
Given a function f(s) = a(s) + b(s)`, where a, b are differentiable real functions of a
real variable s, it is easy to verify using the expressions above that
(135)
d
ds
ef(s) = [a′(s) + b′(s)`] ef(s) = f ′(s)ef(s) .
Example A.1. The solution of the linear ODE dw/dt + g(s)` w(s) = 0 with initial
condition w(s0) = w0, where s and g(s) are real, is given by
(136) w(s) = w0 exp
(
`
∫ s
s0
g(u)du
)
.
Notice that this ODE is equivalent to the system
(137)
{
x′ + g(s)y = 0
y′ + g(s)x = 0
, x(s0) = Re(w0), y(s0) = Im(w0).
Remark A.2. It is possible to define a notion of differentiability for functions f : L→ L
as done, e.g., in Ref. [13] (observe that they denote ` by τ). However, the few concepts
and formalism introduced in this Appendix suffice for our purposes.
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